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FINITE ELEMENTS IN SOME VECTOR LATTICES OF 
NONLINEAR OPERATORS 

M. A. PLIEV AND M. R. WEBER 


Abstract. We study the collection of finite elements F)) in 

the vector lattice W(iJ, F) of orthogonally additive, order bounded (called 
abstract Uryson) operators between two vector lattices F and F, where 
F is Dedekind complete. In particular, for an atomic vector lattice F 
it is proved that for a finite element in G U{F,'M.) there is only a 
finite set of mutually disjoint atoms, where ip does not vanish and, for 
an atomless vector lattice the zero-vector is the only finite element in 
the band of a-laterally continuous abstract Uryson functionals. We also 
describe the ideal <E>i(W(R",K"*)) for n,m G N and consider rank one 
operators to be finite elements in LI{F, F). 


1. Introduction 

The last time finite elements in vector lattices have been an object of an 
active investigation [5, 6, 7, 9, 17, 27]. This class of elements in Archimedean 
vector lattices was introduced as an abstract analogon of continuous func¬ 
tions (on a topological space) with compact support by Makarov and Weber 
in in 1972, see [16]. Recently a systematic treatment of hnite elements in 
vector lattices appeared in [28]. On the other hand the study of nonlinear 
maps between vector lattices is also a growing area of Functional analysis, 
where the background has to be found in the nonlinear integral operators, see 
e.g. [12]. The interesting class of nonlinear, order bounded, orthogonally 
additive operators, called abstract Uryson operators, was introduced and 
studied in 1990 by Mazon and Segura de Leon [18, 19], and then considered 
to be defined on lattice-normed spaces by Kusraev and Pliev in [14, 15, 21]. 
Now a theory of abstract Uryson operators is also a subject of intensive 
investigations [4, 8, 25]. In this paper the investigation of finite elements is 
extended to the vector lattice U{E,F) of abstract Uryson operators from a 
vector lattice F to a Dedekind complete vector lattice F. 

2. Preliminaries 

The goal of this section is to introduce some basic definitions and facts. 
General information on vector lattices the reader can find in the books [1, 
13, 28, 30]. 
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Definition 2.1. Let E be an Archimedean vector lattice. An element tp G E 
called finite, if there is an element z £ E satisfying the following condition: 
for any element x £ E there exists a number Cx > 0 such that the following 
inequality holds 

|x| A n\ip\ < CxZ for all n € N. 

For a finite element cp the (positive) element z is called a majorant of p>. 
If a finite element (p possesses a majorant which itself is a finite element 
then (p is called totally finite. The collections of all finite and totally finite 
elements of a vector lattice E are ideals in E and will be denoted by $ 1 ( 1 ?) 
and ^ 2 {E), respectively. It is clear that 0 is always a finite element. For 
our purpose we mention that the relations ^i{E) = E and = {0} are 

possible (for the complete list of the relations between E, ^i{E) and <1*2(T') 
see [28], section 6.2). Finite elements in vector and Banach lattices have 
been studied in [5], in sublattices of vector lattices in [6], in /-algebras and 
product algebras in [17] and in vector lattices of linear operators in [7, 9]. 

The relations between the finite elements in E and the finite elements 
in vector sublattices of E are manifold. The result we need later is the 
following. 

Proposition 2.2 ([28], Theorem 3.28 and Corollary 3.29). Let Eq be a 
projection band in the vector lattice E, and po the band projection from 
E onto Eq. Then po{^i{E)) = <hi(Fl) r\ Eq = <I>i(Flo)- If Ei is another 
projection band in E and E = Eq (B Ei then ^i{E) = <hi(Flo) © d>i(£'i). 

Recall that an element z in a vector lattice E is said to be a component or 
a fragment oi X ii Z-L{x — z), i.e. ii\z\l\\x — z\ = Q. The notations x = y U z 
and z C X mean that x = y + z with yLz and that z is a fragment of x, 
respectively. The set of all fragments of the element x € FI is denoted by 
Ex. Let be X G FI. A collection (p^)^gE: of elements in E is called a partition 
of X if 1/3^1 A\prj\ = 0, whenever p and x = 

Definition 2.3. Let FI be a vector lattice and let X be a real vector space. 
An operator T: E ^ X is called orthogonally additive iiT{x + y) = T(x) -t- 
T{y) whenever x,y £ E are disjoint elements, i.e. if |x] A |y| = 0. 

It follows from the definition that T(0) = 0. It is immediate that the set 
of all orthogonally additive operators is a real vector space with respect to 
the natural linear operations. 

So, the orthogonal additivity of an operator T will be expressed as 
r(xUy) = r(x) +T{y). 

Definition 2.4. Let E and F be vector lattices. An orthogonally additive 
operator T: E ^ F is called: 

• positive if Tx > 0 holds in F for all x G FI, 

• order bounded if T maps any order bounded subset of E into an 
order bounded subset of F. 
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An orthogonally additive order bounded operator T: E ^ F is called an 
abstract Uryson operator. 

The set of all abstract Uryson operators from E to F we denote by 
1/({E,F). If T = R then an element / G l/l{E,M) is called an abstract 
Uryson functional. 

A positive linear order bounded operator A: E ^ F defines a positive 
abstract Uryson operator by means of T(x) = A(|x|) for each x £ E. 

We will consider some examples. The most famous ones are the nonlinear 
integral Uryson operators which are well known and thoroughly studied e.g. 
in [12], chapt.5. 

Let (A, S, fi) and {B, H, i/) be cj-finite complete measure spaces and denote 
the completion of their product measure space by {A x B, fj, x i'). Let 
K: AxBxR^Rbea function which satisfies the following conditions^: 

(Co) K{s,t,0) = 0 tor n X z/-almost all {s,t) £ Ax B; 

(Cl) K{-, ■,r) is fi X i/-measurable for all r € R; 

(C 2 ) K{s,t, •) is continuous on R for ^ x z/-almost all {s,t) £ Ax B. 
Denote by Lq{B,E,i') or, shortly by Lo(p), the ordered vector space of all 
z/-measurable and i^-almost everywhere finite functions on B with the order 
f < g defined as f{t) < g{t) i/-almost everywhere on B. Then Lo(i^) is a 
Dedekind complete vector lattice. Analogously, the space Lq{A,T,, fj,), or 
shortly Lo(//), is defined. 

Given / £ Lq{u) the function \K{s, ■, f{-))\ is i/-measurable for //-almost 
all s G A and hf{s) := \K{s,t, /(^))| dn{t) is a well defined //-measurable 

function. Since the function hf can be infinite on a set of positive measure, 
we define 

DouiBiK) := {/ G Lo(p); hf £ Lo(//)}. 

Example 2.5 (Uryson integral operator). Define an operator 

T: DomsiK) —> Lq{p,) 
by 

(2.1) (r/)(s) = / K{s,tJ{t))du{t) tx-a.e. 

JB 

Let E and F be order ideals in Lq{v) and Lo(//), respectively and K a func¬ 
tion satisfying the conditions (Co)-(C 2 ). Then (2.1) is an orthogonally 
additive, in general, not order bounded, integral operator acting from E to 
F provided that E C DomB{K) and T{E) C F. The operator T is called 
Uryson (integral) operator. 

We consider the vector space R”^ for m G N as a vector lattice with the 
usual coordinate-wise order; for any x,y £ R™' we setx<y provided e* (x) < 
e*{y) for all / = 1,..., m, where (e*)^^ are the coordinate functionals on 



^(Ci) and {C 2 ) are called the Caratheodory conditions. 
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Example 2.6. A map T: M” —)■ M™' belongs to U{W^,W^) if and only if 
there are real functions Tij ;M— l<j<n satisfying 
the condition Tij{0) = 0 and such that Tjj([a,6]) is (order) bounded in M™ 
for each (order) interval [a, 6] C M”, where the i-th component of the vector 
T{x) is calculated by the usual matrix rule, i.e. 

n 

{T{x))^ = e*(r(xi,.. .,Xn)) = ^Tij{xj), i = l,...,m 

In this case we write T = (lij). 

For more examples of abstract Uryson operators see [25]. 

In U{E,F) the order is introduced as follows: S <T whenever T — S is 
a positive operator. Then U{E,F) becomes an ordered vector space. If the 
vector lattice F is Dedekind complete the following theorem is well known. 

Theorem 2.7 ([18], Theorem 3.2.). Let E and F he vector lattices with 
F Dedekind complete. Then U{E, F) is a Dedekind complete vector lattice. 
Moreover, for any S,T € hl{E,F) and x G E the following formulas hold 

(1) (T V S){x) = sup{T(y) + 5(z): x = yUz}. 

(2) (T A S){x) = inf{T(?/) + 5(z ): x = yU z}. 

(3) T+(x) = sup{Ty: y C x}. 

(4) T~ {x) = — inf{Ty: y C x}. 

(5) |T| (x) = (T+ V T~) (x) = sup{T{y) — T{z) : x = yU z} 

(6) |T(x)| < |T|(x). 

The formulas (1) - (5) are generalizations of the well known Riesz-Kanto- 
rovich formulas for linear regular operators (see [1], Theorems 1.13 and 
1.16). 

We also need the following result which represents the lattice operations 
in IA{E,F) in terms of directed systems. 

Theorem 2.8 ([19], Lemma 3.2). Let E and F be vector lattices with F 
Dedekind complete. Then for any S,T G U{E,F) and x G E we have 

(1) i X] S{xi) A T{xi): X = [_] Xi, n G N [ I (5 A r)(x). 

i=l i=l ^ 

(2) i S{xi) V T{xi ): X = LJ Xi, n G N i t (<5 V r)(x). 

i=l i=l 

( n n X 

(3) Y:\T{xi)\-.x= U^onGN tm(x). 

i=l i=l 

3. Some properties of finite elements in the vector lattice 

In the one-dimensional case, by definition, Z//(R) := W(M, M) coincides with 
the set all functions /: R —>■ M, such that /(O) =0 and for every (order) 
bounded set 4 I C R its image f{A) is also a bounded set. 
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The vector lattice of abstract Uryson operators has a lot of finite elements 
meaning that M™)) 7 ^ {0}. The next proposition shows that {0} 7 ^ 

<hi(Z^(M)) 7 ^ U(R) in the one-dimensional case. For an arbitrary real function 
/ defined on M denote the set {x € M: f{x) 7 ^ 0 } by supp(/) and called it 
the support of /. 


Proposition 3.1. The set of all finite elements <hi(Z^(R)) coincides with 
the set 


= {/ G U{^): supp(/) C [a, b], a, b € M}. 
Moreover, $ 2 (W(M)) = <I>i(W(M)). 


Proof. Fix an arbitrary element / G 5^(Z^(M)). Then supp(/) C [a,b] for 
some 0,6 G M. If <7 G 6 /(M) then the number Cg = sup{| 5 '(x)|: x G [a,6]} 
belongs to M. Define the function 


z{x) 


1, if X G supp(/) 
0 , ifx^supp(/). 


Then z is a bounded function on R. Due to z(0) =0 and since in R any 
orthogonal representation of some element x is trivial, i.e. consists of x and 
some zeros, the function z belongs to W(R). For x G supp(/) we have 


(bl An|/|)(x) < b|(x) < Cgz{x). 

The inequality trivially holds for x ^ supp(/). Therefore f is a finite element 
in U{R) and z one of its majorants. Hence 5^(W(R)) C <I>i(6/(R)). 

In order to prove the converse assertion take an element / G 6/(R) such 
that there exist a sequence (xn)^i of real numbers Xn 0 with the prop¬ 
erties lim Xn = 00 and f{xn) 0 for all n G N. Let / G <ki(6/(R)) and let 

n—yoo 

z be a majorant for /. Then we may assume z{xn) > 1 for all n G N. By 
assumption, for every g (R) we have 


(3.1) supibl A n\f\} < CgZ for some Cg G R+, 

n 


where the existence of the supremum is guaranteed by the Dedekind com¬ 
pleteness of W(R) (see Theorem 2.7). In particular, for a function g G 7/(R) 
with 


9{x) 


exp(z(x)), if X = Xn for n = 1 , 2 ,... 
0, if X G R, X 7 ^ Xn 


there exists uq G N, such that g{xn) > Cg z{xn) for all n > uq. Fix m G N 
such that m|/(xno)| > g{xno)- Then 


sup{b| A n|/|}(xno) > (bl A m|/|)(xno) = g{xno) > Cg z(xno)- 

n 


This contradicts to (3.1) and therefore, 5^(7/(R)) D <I>i(W(R)). 

Observe that the majorant z G 7/(R) of /, constructed in the first part 
of the proof, is such that supp(z) = supp(/). So supp(z) C [a, 6 ], and by 
what has been proved one has z G <ki(7/(R)). Therefore 5^(7/(R)) C <k 2 (W(l^)- 
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Since <I> 2 (W(M)) C 5^(W(M)) is clear from <f> 2 (W(M)) C $i(ZY(M)), we conclude 
that any finite element in U(R) is even totally finite. ■ 

Guided by the previous proposition we describe the finite elements in the 
vector lattice (see Example 2.6). 

Proposition 3.2. For the vector lattice Uthe ideal M™')) 

coincides with the set of all operators T = (Tjj) € for which each 

function Tij (i = 1,..., n; j = 1,..., m) satisfies the conditions Tij(O) = 0 
and 

(3.2) supp(rjj) C for some real interval 

In this case (Z^(M'^, M"^)) = $2 (Z^(M’^, M"^)) also holds. 


Proof. The assertion of this proposition is established by a similar argument 
as for Proposition 3.1. Consider an operator T E such that its 

constituent functions Tjj have the properties 7)^(0) = 0 and (3.2). Then for 
the interval [a, b] with a = minij and b = maxjj one has supp(rjj) C 
[a, b] for all i and j. The set 

n 

supp(T) = {x = (xi,... ,Xn) E 3i E {1,... ,m} with ^^Tij{xj) / 0} 

i=i 


will be called the support of the operator T. It is clear that supp(T) = {x E 
W^: T{x) 7 ^ 0}, 0 ^ supp(r) and T(x) / 0 for all x E supp(T). Define the 
map Z = (Zij ): M” ^ M™ by 


Z{x) 


( Zi,i(xi)+ 

\ Zm,l(xi) + 



where Zij are real bounded functions with Zij(O) = 0 for all i,j. 

Denote the set {l,2,...,n} by N. For an arbitrary vector w E its 
support is the set 

supp(rc) = {j ^ N: wj 7 ^ 0}. 

In order to show the orthogonal additivity of Z consider x = u\J v with u 
and V being fragments of x. Then supp(u) n supp(u) = 0 and 


I Uj, ifjEsupp(u) 

1 Vj, ifj^supp(u). 


Then 




\ 


( E 

\ 


j&upp{u) 



jr'^SUpp(lt) 


Z{u U u) = 



+ 




Zm,j{uj) 



E J ) 


\ iGsupp(M) 

} 

V i^supp(tj) 

/ 


By using that Zij{uj) = 0 for j ^ supp(u) and Zij{vj) = 0 for j E supp(u) 
(for all i = 1, ... ,m) the summation in each of the coordinates of the last 
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two vectors can be extended to the whole set N and hence one obtains 
Z{u U n) = Z{u) + Z{v) and, so Z G U{W^, M”^). 

For an arbitrary Uryson operator S = (Sij) G define the 

number 

m,n 

cs = sup{ ^ \Sij{xj)\ : X = (xi,X 2 , ...,Xn)€ [a,b]}. 

Then C5 G M and for x G supp(T) one has 


(|5| An|r|)(x) < \S\{x)<csZ{x). 

For x ^ supp(r) the inequality is also true due to T(x) = 0 in that case. So 
T is a finite element in and Z is one of its majorant. 

For the converse let T G be such that there is a sequence 

of vectors 0 7^ x^^'^ G M” with the properties that T{x^^^) ^ 0 and 
leaves any ball^ in R”. If T would belong to <I>i(W(R"', R”^)) and Z is a fixed 
majorant of T then for any operator S G one has 

(3.3) I S'! A nT < Cs Z for all n G N and some number cs > 0. 


In particular, this holds for an operator 0 < 5 = (Sij) G U{W^,W^) with 

exp(Zij(xj)), if X G supp(T) ^ ^ ^ 

0, if x^supp(T) ’ txi,...,x„j. 


Then 


{S AnT){x^^'>) = S{x^^'>) = 


( E exp(Zij(xj^^)) ^ 
i=i 


E exp(Z^j(xJ.''^)) 
\ i=i 


It is clear that for sufficiently large k the last vector is greater than cs Z(x^^^) 
what is in contradiction to (3.3). ■ 


Remark 3.3. Actually it is proved that 

T = (Tij) G if and only if Tij G $i(R) 

for all i = 1,... ,m; j = 1,...,n. 


For a band^ H C F we get a result for the abstract Uryson operators 
which is similar to Theorem 2 in [7] for (linear) regular operators. 

Proposition 3.4. Let E, F be veetor lattiees with F Dedekind complete and 
let H be a band in F. Then U{E,H) is a projection band U{E,F) and the 
following equation holds 

<^i{U{E,H)) = ^i{U{E,E))r\U{E,H). 

^ i.e. II —>■ 00. 

Q 

due to the Dedekind completeness of F any band is a projection band. 
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Proof. Let n: F H he the order projection in F onto H. It is clear 
that U{E, H) is an order ideal in the F). Fix a net (Tq.) in hl+{E, H), 
such that Ta f T for some T G U{E,F). Then one has Tq, = ttTq f ttT G 
V(+{E,F[). Therefore T = ttT, i.e. the order ideal U{E,H) is a band and, 
due to the Dedekind completeness of U{E, F), even a projection band. Let 
TT*: U{E, F) U{E, H) be the related order projection. Then = -kT 

holds for every T G U{E,F). To finish the proof, refer to Theorem 2.11 
from [6], saying that the finite elements in ^i{U{E,H)) are exactly those 
finite elements of ^i{U{E, F)), which belong to U{E, H). ■ 

Remark 3.5. By the mentioned result from [6] there is proved even the 
equality tt* {<l>i(U{E, F)) = <^i{U{E,H)). 


4. Finite elements in U{E,R) 

Definition 4.1. A non-zero element tt of a vector lattice E is called an 
atom, whenever 0<x<|tt|,0<y<|tt| and x Ay = 0 imply that either 
X = 0 or y = 0. 

If u is an atom in E then Fu = {0,tt}. Note that a non-zero element u 
of a vector lattice E is called discrete, if the ideal generated by tt in T 
coincides with the vector subspace generated by u in E, i.e. if 0 < x < tt 
implies x = Xu for some A G M_|_. We need the following properties of atoms. 

Proposition 4.2 ([29], Theorem 26.4). Let E he an Archimedean vector 
lattice. Then the following holds: 

(i) Atoms and discrete elements are the same. 

(ii) For any atom u the ideal lu is a projection band. 

(hi) For any two atoms u, v in E, either uLv, or v = Xu for some 0 ^ 
A G M. 

Definition 4.3. An Archimedean vector lattice E is said to be atomic'^ if 
for each 0 < x G T there is an atom u € E satisfying 0 < tt < x. 

A vector lattice is said to be atomless provided it has no atoms. 

Equivalently (see [2]), E is atomic, if and only if there is a collection {ui)i^i 
of atoms in E, such that UiLuj for i ^ j and for every xGT'if|x|Atti = 0 
for each f G / then x = 0. Such a collection is called a generating disjoint 
collection of atoms. 

By Proposition 4.2, a generating collection of atoms in an atomic vector 
lattice is unique, up to a permutation and nonzero multiples. 

Let T be a vector lattice. Consider any maximal collection of atoms 
{ui)i£i in E, the existence of which is guaranteed by Proposition 4.2 and by 
applying Zorn’s Lemma. Let Eq be the minimal band containing Ui for all 
i ^ F If Eq is a projection band then E = Eq (B Ei, where Ei = Eq is the 


4 


or discrete. 
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disjoint complement to Eq in E, which is an atomless sublattice of E. So, 
we obtain the following assertion. 

Proposition 4.4. Any vector lattice E with the projection propertif’ has a 
decomposition into mutually complemented bands E = Eq(B Ei, where Eq is 
an atomie veetor lattice and Ei is an atomless vector lattice. 

The following theorem is the first main results of this section and deals 
with finite elements in atomic vector lattices. 

Theorem 4.5. Let E be an atomic vector lattice and ip € M)). 

Then there exists only a finite set {ei,... ,6^} of the mutually disjoint atoms 
in E, such that (p{ei) 0 for i = 1,..., n. 

Proof. If ili is a finite dimensional vector lattice then E is isomorphic to 
for some /c G N and M)) 7 ^ {0} by Proposition 3.2. Then the 

coordinate vectors 

e« = (0,...,0,¥,0,...,0), i = l,...,k 

are mutually disjoint atoms in Obviously, among them for each 0 7 ^ 
(f G there are some vectors, on which the functional (p does not 

vanish. 

Let be E an infinite-dimensional atomic vector lattice E. Let be G 
^i{U{E,M)), p} > 0 with a fixed positive majorant if. Assume that for pi 
there exists an infinite set of mutually disjoint atoms Cn € E, n G N such 
that p{en) > 0 for every n G N. Without restriction of generality® we may 

00 

assume ^ ificn) < 00 . For arbitrary T G hl^{E,M) there exists a number 

n=l 

ct > 0 such that (T A np)x < CTif{x) for every n G N and x G E, what 
implies (vTi^Tjx < CTif{x). By applying the formula 

(4.1) ( 7 r<^r)x = sup ini {Ty. p{x - y) < ep{x)}. 

£>o 

(which was proved for any x G Fi in [26], Formula (3.8)) to the atom and 
by taking into account that, due to 99 ( 0 ) = 0 and = {0, e^}, the element 
y = Cn is the only feasible in formula (4.1) (applied to Cn) we get 

( 7 r^r)en = sup inf {Ty: p>{en - y) < ep{en)} = Tcn. 

£>0 

Therefore 

(4.2) Tcn < CTificn) for every n G N 

00 

and so, ^ Te^ < 00 for each T gU{E,'R). For every n G N choose a natural 

n=l 

number G N such that if{ey) < and define numbers fiy satisfying 


® then E is Archimedean. 

® Otherwise replace p by an element with appropriate smaller values for p{eP). 
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the condition < f3k„ < (^n+i )^ ' ^ functional T £ U^{E,M.) 

such that 


Tek 


I3k„, if k = kn 

i^ick), if kj^kn 


for k = 1,2,... . 


It is clear that Tck < oo. Fix no £ N with ct < no, where ct is the 
k=l 

constant number for the functional T one has according to the finiteness of 
(p. Then 

crV’(efc„J < noV’(efc„o) < | = Tek^^. 

This is a contradiction to (4.2). ■ 


Our aim now is to establish that for an atomless vector lattice the band of 
cj-laterally continuous abstract Uryson functionals possesses only the trivial 
finite element. 


Definition 4.6. A sequence (xn)neN in a vector lattice E is said to be 
laterally converging to x £ E if Xn ^ Xm E x for all n < m and Xn x. 

lat 

In this case we write Xn —>■ x. For positive elements Xn and x the notion 

lat 1 * 1 lat 

Xn —> X means that Xn ^ J~x’, ^n\ ^ and Xn —^ x. 

Definition 4.7. Let E,F be vector lattices. An orthogonally additive 
operator T: E ^ F is called a-laterally continuous if Xn x implies 

Txn Tx. The vector space of all cr-laterally continuous abstract Uryson 
operators from Fi to F is denoted by Uac{E,F). 

It turns out that Uac{E, F) is a projection bands in U{E, F) ([18], Propo¬ 
sition 3.8). We need the following auxiliary lemma. 

Lemma 4.8. Let E be an atomless vector lattice, p £ Uac{E,M.) and p{x) > 
0 for some vector x £ E. Then there exists a sequence {xn)neN of mutually 
disjoint fragments of x, such that p{xn) > 0, for every n G N. 

Proof. Assume that for every fragments x', x" of x with x'Ex", we have 
ip{x') = 0 and p{x") = ip{x). Put^ xi = x' and consider in the next step the 
element x". By repeating the procedure we construct a sequence {xn)^=i of 

°° ^ lat 

mutually disjoint fragments of x such that x = |J and Un = \_\ Xi —> x. 

n=l i=l 

However ip{un) = 0 for each n G N, what is a contradiction to the fact that 
p belongs to G UaciE,M.). ■ 

Now we deal with lateral ideals in vector lattices. 


7 


Since E is atomless there are nontrivial (i.e. different from 0 and x) elements in Ej,. 
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Definition 4.9. A subset D of a vector lattice E is called a lateral ideal if 
the following conditions^ hold: 

(i) if X ^ D then y £ D for every y € Ex, 

(ii) if x,y ^ D, xEy then x + y G D. 

Example 4.10. Let E be a vector lattice. Every order ideal in E is a lateral 
ideal. 


Example 4.11. Let E be a vector lattice and x G E. Then Ex is a lateral 
ideal (see [4], Lemma 3.5). 

Lemma 4.12. Let he E he a vector lattice and T> = {Dn)nGH « sequence of 
mutually disjoint lateral ideals in E. Then the set 

k 

L{V) := I |_| Xj : Xi G 1 < i < /c, A: G n| 

i=\ 

is also a lateral ideal. 


Proof. Take arbitrary elements x,y G L{'D), such that xTy. Then 

k m 

X = |_| Xi for Xi G , y = 1 _| Vj Vj ^ ^nj , 

i=l j=l 

Xi T yj for 1 < i < A, 1 < j < m and 


X + y 


fc+m 

I_I Zr , where Zr 

r=l 


Xr, if 1 < r < A: 

yr-k, if k < r < k + m. 


Hence the condition (ii) from Definition 4.9 is proved for L{T>). Now, let 

k 

X G L{'D) and y G Ex. Then x = |J x* with Xi G D^. By the Riesz 

i=l 

decomposition property every Xi has a decomposition x* = y* U Zj, where 
k 


y = \_\yi and yi belongs to due to yi ^ Xi G for i = 1,..., A. So, 

i=l 

the condition (i) from Definition 4.9 is also shown. ■ 


The following extension property of positive orthogonally additive oper¬ 
ators was proved in [8]. 

Theorem 4.13 ([8], Theorem 1). Let E, F be vector lattices with F Dedekind 
complete and D a lateral ideal in E. Let T: D ^ F be a positive orthogo¬ 
nally additive operator such that the set T{D) is order bounded in F. Then 
there exists an operator Td G U+{E, F) with Tx = Tdx for every x G D. 

The operator Td: E ^ F (or, for simplicity, T: E ^ F) is defined by 
the formula® 

(4.3) fx = supjTy: y G T'a; n D}. 

®that means, D is saturated in the sense of (i) and (ii). 

® At least 0 £ D nEx for any x £ E. 
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Such an extension of T is not unique. Due to the next lemma the operator 
T € U+{E,F) is called the minimal extension (with respect to D) of the 
positive, order bounded orthogonally additive operator T: D ^ F. 

Lemma 4.14. Let F, F, D,T,T be as in Theorem 4 .13 and let R: F ^ F 
be a positive abstract Uryson operator such that Rx = Tx for every x ^ D. 
Then Tx < Rx for every x £ F. 

Proof. Take an arbitrary element x £ E and y £ D. Then 

R{x) = R{x — y) + R{y) = R{x — y)+ Ty >Ty and 
R{x) > sup{Ty: y£Fx^D} = Tx. 


Now the second main result of this section can be provided. 

Theorem 4.15. Let E he an atomless vector lattice. Then 4>i(Wo-c(£', 1^)) = 

{ 0 }. 

Proof. Assume that there exists an element (p £ 1^)), p > 0. 

Fix a positive laterally cr-continuous majorant V’ for p. Then for some 
X £ E, X 0 one has p{x) > 0. Since E is atomless by Lemma 4.8 it 
can be deduced that there exists a sequence (xn)neN of mutually disjoint 
fragments of x such that p{xn) > 0 for every n G N. Take now a positive 
functional T G Uac{E,M.) with T{x) > 0 and T{xn) > 0 for every n G N 
(e.g. T = p). Since is a finite element there is some ct > 0, such that 
{iTy^T){xn) < CT'if{xn), u G N. Consider the functional 

Gn '■ J'Xn ^ 


defined on the lateral ideal Fx„ by Gn{y) = {iTy^T){y). Then Gn is an 
orthogonally additive functional, the set Gn{Fx„) is (order) bounded and 
Gn{xn) = {'K^pT){xn), u G N. According to Theorem 4.13, Gn can be ex¬ 
tended to the functional Gn £ IL+{E,'M3) which, according to (4.3), is well 
defined on E for every n G N. Since {'K^pT){xn) > (T A np){xn) one has 
{'KipT){xn) > 0, n G N. By Lemma 4.14 the inequality Gn{x) < {'k^T){x) 
holds for every x £ E, i.e. Gn < and Gn £ {</?}■'■■’■, n G N. Moreover, 
Gn{xn) = {T^ipT){xn) > 0. It is dear that Gn < CT'f’, n G N. In view of the 

OO 

fact^° that 'f’ixn) = ifix) < oo, for every /c G N there exists an index n^, 

n=l 

such that V’(a^nfc) < For every /c G N fix now numbers such that 


k^GndXn,) "" k^GndXnS 


Then 


OO 


OO 


Pn^GnkiXnk) < 
k=l k=l 


Gn,^ {Xn^) 


OO 


E 


1 


< OO. 


10 


see footnote at page 9 . 
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Observe that T = ^ sequence of mutually disjoint lateral ideals. 

Thus by Lemma 4.12 the set L{J^) is also a lateral ideal. Denote the oper¬ 
ators Grif,. by Ri and define the operator R \ L{F) M+ by the formula 

k k 

R(y |_| Iti) = y^^RijUj). 
i=l i=l 

It will be shown that R is an orthogonally additive operator from the lateral 
ideal L{F) to M. Indeed, take u,v G L{F) such that uJ-v. Then 

k m k+m fc+m 

.R( U “» + U U ^ Rr{Zr) 

2=1 j=l r=l r=l 

k m 

Ri{ui) + ^ Rjivj) = R{u) + R{v), 

i=l j=l 

_ ( Ur, if 1 < r < k 

'' \ Vr-k, if k < r < k + m. 


R{u + v) 


where 


k 

For any element u = \_\ Ui G L{F) with Ui G Fx„ , due to 
i=i 


GkiiUi) = {'K,pT){ui) < CTi^iUi) < CTlpiXn^,) < 


CT 


{ki 


one has 


K K 

R{u) = y ^ Ri{ui) < 


CT 


k 

E 


1 


< CT 


OO - 


A=i i=i fc=i 

and therefore, the operator R is order bounded. In view of Theorem 4.13 
there exists the minimal extension R of R, which is a positive abstract 
Uryson functional R: E ^ M. such that R{x) = sup{i?(i ;): v G Fx Gi L{F)} 
for any x G E. Observe that R{xnf.) = Gn^{xn^) for every /c € N. Let be 
5 ; i? — )■ M an abstract, positive Uryson functional such that S > Gn^. for 
any A: € N and fix an arbitrary element x G E. Then for every decomposition 
X = y + z, where yEz and 


m 


z G L{F), 


i.e. 


U 


z = \ \Ui with Ui G Fr 
2=1 


i ^ ^ x„ for some m, 


one has 


S{x) = S{y + z) > S{z) = > '^Gn^.{ui) = '^Ri{ui). 

2=1 2=1 2=1 

Passing to the supremum over all fragments z G L{F) we conclude that 

S{x) > R{x) for every x G E. Hence R = supjGnj,.} in U{E,E). Using 
_ iGN * _ 

the fact that Gn^,. G for every i G N, we deduce that R G 



14 


M. A. PLIEV AND M. R. WEBER 


Therefore a number > 0 exists with R < For any number A: € N 

such that Cj^ < k one has 

Cj^'lp{Xnf,) < kll>{Xnf,) < < l3n^Gn,^{Xni^) = PnkGukiXnk) — 

what is a contradiction. ■ 

Now we are ready to put together the Theorems 4.5 and 4.15. 

Theorem 4.16. Let E be a vector lattiee with the projeetion property and 
(p G <hi(Wo-c(-E,I^))- Then there exists a finite dimensional projeetion band 
M generated by a (finite) number of mutually disjoint atoms in E, such that 
p{x) = 0 for every x € M-*-. 

Proof. By Proposition 4.4 there exists a decomposition into mutually com¬ 
plemented bands E = Eq (B Ei, where Eq is an atomic vector lattice and 
El is an atomless vector lattice. For the finite elements in UuciE,M) there 
holds the equality 

^i{U^c{Eo®Ei,R)) = ^i{Uac{Eo,R)) ® ^i{Uac{Ei,R)). 

For that it is proved first that 

(4.4) UaciEo (B Ei,R) = Uac{Eo,R) (BUac{Ei,R). 

Take fi G UaciEi,R), f = 0,1. Define the functional / = /o®/i for each x = 
(xo,xi) G i? by the formula f{xQ,xi) = /o(a;o) + /i(a^i)) where xq G Eq, xi G 
El. The functional / belongs to the set Uac{Eo © Ei,R). Indeed, take a 

sequence {xn)n&N in Eq © Ei, such that Xn x, where Xn = {xnO,Xni) 

and X = (xo,xi). Then 

f{Xn) = f{XnO,Xnl) = fo{Xno) + fl{Xnl) fo{xo) + /l(xi) = /(x). 

On the other hand, let / G Uac{EQ © Ei,R). Denote by fi the restriction of 
/ on Ei, i = 0,l. Then / = /q -h fi, with fi G UaciEi,M.). 

Now it will be shown that Wo-c(F'o)= h{ac{Ei,R) and, therefore 
Uac{EQ,R) and Uac{Ei,R) are mutually disjoint bands in U(jc{Eq © F1i,M). 
Hence the equality (4.4) will be established. Let 0 < /* G Uac{Ei,R), i = 0,1 
and X G E. Then x = xq U xi with Xi G Ei, i = 0,1 and 

(/o A /i)(x) = inf{/o(y) + ffiz): x = y U z} < /o(xi) + /i(xo) = 0. 

Since U(jc{Eq (B Ei,R) is Dedekind complete, Proposition 2.2 guarantees the 
required equality 

^l{h(ac{EQ © Ei,R)) = ^i{Uac{EQ,R)) © <I>l(Wo-c(-E'l,I^))- 

For ip G <I>i(Wo-c(F', 1^)) one has now p = pQ+pi, where pi G <hi(A^o-c(-Ei, 1^)) 
for i = 0,1. Theorem 4.15 implies pi = 0 and, by Theorem 4.5 there 
exist only finite many ei,...,en of mutually disjoint atoms in Eq, such 
that PQ^Ci) fi 0, i = 1,... ,n. Denote by M the band in Eq, generated by 
ei,..., Cn. In view of the assumption on E the band M is a projection band 
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in Eq. Then every element x G M"*- is a linear combination of atoms disjoint 
to M and therefore, (po{x) = 0. Thus (p{x) = 0 for all x G M-*-. ■ 


5. Rank one operators as finite elements in U{E,F) 

Let E,F be vector lattices. An operator T G U{E,F) is called a finite 

n 

rank operator, if T = ipi<SiUi for some n G N, where (pi G U{E, M), it* G F 
i=l 

and, {ipi 0 Ui){x) = ipi{x) Ui, x € E ior all i = 1,... ,n. Similarly to the case 
of linear rank one operators in the vector lattice of regular operators the 
modulus of a rank one abstract Uryson operator has a simple structure. 

Proposition 5.1. Let E,F be vector lattices, with F Dedekind complete. 
Then the modulus of the operator T = p ® u ^ U{E,F) is the operator 
|r| = \p\ (g) |u|. 

Proof. Using the relation (3) of Theorem 2.8 one has 

n 

|r|(x) = \p ® u|(x) = sup I \{p (g) u)(xi)|: X -- 

i=\ 

n n 

= sup I \p{xi)u\ : X = I_I Xi, n G n| 

i=l i=l 

n n 

= |u| sup I ^ |(/?(xj)|; X = |_| Xj, n G n| 

i=l i=l 


n 

|_| Xi, n G n| 


i=l 


= \T\ix)\u\. 


The following theorem tells us that the constituent parts of an abstract 
Uryson rank one operator T are finite elements in the corresponding vector 
lattices, whenever T is a finite element in U{E,F). Recall that the order 
dual of the vector lattice F is denoted by F~. The expression F~ separates 
the points of F means that for each 0 y £ F there exists some / G F'^ 
with f{y) 7 ^ 0. The order dual separates the points of F, e.g., if F is a 
Dedekind complete Banach lattice. 

Theorem 5.2. Let E,F be vector lattices with F Dedekind complete and 
F~ separates the points of F. Let T G U{E,F) be a rank one operator, i.e. 
T = p 0 u for some p G U{E,M) and u £ F. If T £ ^i{U{E,F)) then 
p £ ^i{U{E,M)) and u £ <ki(F). 

Proof. By Proposition 5.1 it suffices to consider a positive abstract Uryson 
operator T = p ®u, with D < p £ W(F,M), 0 < u £ F. By assumption T 
is a finite element and therefore an operator Z £ hl-\.{E, F) exists, such that 
for every S £ U{E, F) the inequality 

\S\AnT < csZ 
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holds for some > 0 and every n G N. Consider the operator S = (p ® h 
for h Pi F and fix m G N. Then for every x £ E we have 

csZ{x) > (|5|AmT)(x) 

n n 

= inf I ^ |5|(xj) A mT(xi): X = I_| x*, n G n| 

i=\ i=l 

n n 

= inf I \h\<p{xi) A mu <p{xi) : x = |_| Xj, n G n| 

i=l i=l 

n n 

= inf I ^ Lp{xi){\h\ A (mu)) : x = |_| Xj, n G n| 

i=\ i=l 

= (p{x){\h\ A {mu)). 

The abstract Uryson functional is a nonzero positive element in Z^(£',R), 
hence there exists xq G E, such that </j(xo) > 0. By means of the last 
estimation the inequality 

\h\ A {mu) < . Z{xo) = fiZ{xo) 
ip{xo) 

holds with /i = G M+ and arbitrary m G N. Since h is an arbitrary 

element of F it is proved that u G <hi(F). 

For proving the second assertion consider the rank one operator S = 9<^u, 
where 6 G U{E,'K) is arbitrary. For every x £ E and n G N we may write 

(|0| A n(p){x)u < {\6\{x)u) A {n(p{x)u) = (|5|(x)) A {nT{x)). 

n 

Then for every disjoint partition {xi,... ,Xn} of x, i.e. x = |J Xj, by using 

i=l 

the orthogonal additivity of the abstract Uryson functional |0| An(/? we have 

n n 

(|0| A n(p){x)u = A nip){xi)u < I'S'Kxj) A nT{xi). 

i=\ i=l 

After taking the infimum over all disjoint partitions of x on the right side of 
last formula, one has 

(|6<| A mp){x)u < (|5| A nT){x) < csZ{x) 

for every x £ E and n G N. If now r is a positive linear functional on T, 
such that t{u) = 1 then 

t{{\0\ a 'mp){x)u) = (|6»| A n<p){x) < t{csZ{x)) = cs{t o Z){x), 

where x G U, n G N, and t Z £ U+{E,R). Thus (p £ ^i{U{E,R)) is proved 
and, r o Z is one of its majorants. ■ 

The converse statement still remains to be an open question. 
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